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Project Overview

Motivation

] Mathematical modelling techniques allow us to build flexible representations
HE of various physical and biological phenomena

B4 Many real-world systems feature some element of randomness, so use of
® stochastic models can help to better represent this

m Models may have a large number of dimensions; model reduction techniques
allow us to significantly simplify complex systems.
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Aims and objectives

% Build a model representing a disease with multiple strains (or multiple
diseases in the same population)

& Apply the Stochastic Averaging Principle to obtain a reduced model

OO Verify that the models agree in the large-number limit
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Preliminaries

How to build a mathematical model

13 )S' 1

Kermack-McKendrick SIR Model:

« Susceptible individuals can become infected
through interaction with an infected individual 3

at rate ,B C Infected )

e |nfected individuals have the disease and

recover after a period of infection at rate y |

~~

* Recovered individuals can no longer be CRecovered D
Infected
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How to build a mathematical model )@
Ordinary Differential Equations dS
(ODES)Z _— =
dt

 ODEs are a key tool for

mathematical modelling dl @ T
« We use them to describe dt i

dynamical systems (evolving in

time) dR

« ODEs are deterministic dt



Preliminaries

How to build a mathematical model @ )@ )@

Ordinary Differential Equations
(ODEs):

ODEs are a key tool for
mathematical modelling

We use them to describe
dynamical systems (evolving in
time)

ODEs are deterministic

Deterministic SIR Model
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Figure 1: A plot of the solutions to the SIR ODE model. Parameter
values used are $=0.4, y=0.04, S(0)=97, 1(0)=3, R(0)=0.



Preliminaries

How to build a mathematical model @ )@

Continuous Time Markov State Vector: |
Chains (CTMC): X :h"‘_.)
e CTMCs are one way of Intensity Functions:
accounting for randomness @ X2t
N
« They describe processes Ao0,—1,1)(X) =~I
that change according to
some probability Generator Equation:

: Gnf(X) = A11.0)(X )(f(- + A(0.-1. (-\')(,/'(-\' — e 4 m)
- CTMCs are stochastic A . A
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How to build a mathematical model @ )@

Continuous Time Markov
Chains (CTMC):

CTMCs are one way of
accounting for randomness

They describe processes
that change according to
some probability

CTMCs are stochastic

Stochastic SIR Model
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Figure 2: A plot of a single realisation of the SIR CTMC model.
Parameter values used are =0.4, y=0.04, S(0)=97, 1(0)=3, R(0)=0.
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How to build a mathematical model @ )@

Convergence:

If our two models fulfil certain
criteria, then we have that the
stochastic model converges to
the deterministic model as the

system size becomes large

Stochastic Model vs Deterministic Limit
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Figure 3: A plot comparing the solutions of the deterministic and

stochastic SIR models. Parameter values used are N=100, =0.4,
y=0.04, S(0)=97, 1(0)=3, R(0)=0.
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How to build a mathematical model @ )@ )@

Convergence:

If our two models fulfil certain
criteria, then we have that the
stochastic model converges to
the deterministic model as the

system size becomes large

Stochastic Model vs Deterministic Limit
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Figure 4: A plot comparing the solutions of the deterministic and

stochastic SIR models. Parameter values used are N=1000, (=0.4,
y=0.04, S(0)=97, 1(0)=3, R(0)=0.
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Two-Strain Model

We have two strains of a
disease, 1 and 2

There is a common pool of
susceptible individuals

We assume no co-infection

We have partial cross-
Immunity

Q4

A/l

b1

g2

/32(1 — (])

@ h




Possible Applications

* Models of this type
originated from the study
of influenza, bacterial
Infections and parasites

* More recent examples
Include the emergence of
disease variants, such as
the Delta and Omicron
strains of COVID-19

Q4

A,/l

b1

g2

/32(1 — (])

@ h




dS
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State Vector:
XMy = (x5, X\ @), x W), X ), X0 (¢
(1) = (Xg " (1), Xp7 (1), X g (£). X7 (8). X, (1))

Intensity Functions:

/\fllll(.l-) \‘ (z) = (l J'll . /\:{".’(.l’) _ ﬂ(l“,f[;l.
Ap () = Dt A (=) =7 21y S LR

,\'17"'(.:{) = Ji."'(l a)lrp, xyp,,

(n) (n) (r) {re) (n) (n
A ()=, AM(z)=a3', A (r)=ag’,

(n) (r)
M (z)=ay ",

Generator Equation:
Gnflx) ,\‘,"u-\( f(.:-_») i ,\f'_."'(.r;u(f(.r ez + e3) I(.r)) 4.\};""..:-)(](.:- es+ €e1) f(.m)
AL (a >(fu‘r €1+ e) fm) m\,‘-."'(m‘)(./'lf €1+ e3) fm) | ,\.'."'m(fu es+ e1) _m.n)
F AT »(/u b eg) ju,,-;) . ,\;”'(.m(,n.r Fey) /m) . ,\.‘,"‘(.,-)(fr_.,- b e2) j'(.r,l)
(

1 '\‘1:;’(” S(x + e3) fl") t '\Il’ll;(y-l')(f(»l' b eq) f(f)) } ,\'1;:'(-1')(1'(.1' b es) f(.r))



Two-Strain Stochastic Model vs Deterministic Limit
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Figure 5: A plot comparing the solutions of the deterministic (dashed) and
stochastic (solid) two-strain models. Parameter values used are N =
1000, 8, = 0.6, B, = 0.4, y; = 0.1, ¥, = 0.2, 0, = 0.1, 0, = 0.1.



Two-Strain Stochastic Model vs Deterministic Limit
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Figure 6: A plot comparing the solutions of the deterministic (dashed) and
stochastic (solid) two-strain models. Parameter values used are N =
10000, ﬁl = 06, ﬁz = 04‘, Y1 = 01, Y2 = 02, g1 = 01, g, = 0.1.
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Stochastic Averaging

Multiscale Problem

« We are interested in a
scenario where the rates
of infection and recovery
of one strain are much
faster than the other

* This assumption will allow
us to apply the
stochastic averaging
principle to derive a
reduced model




Stochastic Averaging

Possible Applications

 Two-strain model of
tuberculosis

* \Vector-borne illnesses
and STDs

« Cancer therapy

e Strain-specific vaccination



Let T=[0,«). We want to pick a parameter regime in which
the rates of infection and recovery of the second strain are
exponentially faster than those of the first strain. To achieve
this, we pick the following parameter scalings

3( n) ,\‘(“) n,(")

(n)

af =nog,; 1€ 41,2,3,4,5}.



We then define the scaled process

. | .
*(n) P(n) yr(n) y(n) yAn) (n) l.(n) L yv(n) L y(n)
Y = (Vg™ ¥, Yy Y, Ygy) = (= X7, = X5, — X,

With intensity functions

AM(y) = Brysyi, A2(y) = nyi,, A3(y) = o1y, .
AYy) = Paysyl.. As(y) = v2y1,, Ae(y) = o2yR, .
’\T(l/) = ‘{J(l ”).l/lh.l/l'_-‘

As(y) = a1, Ao(y) = a2, Aoly) =a3, Aa(y) =wo, Aw2(y) = as,



Averag | ng Princi ple The process is then a CTMC with generator

Lnf(y) =nii(y) (f(’!/

f

f

f

nA3(y) (f(;l/
nAs(y) (f(!/
nAz(y) (f(!/
nAg(y) (f(y I

1 1 1 1
—e1 ;(’2) f(!/)) 1 “/\2(!/)<f(!/ —e2 ;(’3) f(!/))
1

—€3 ,—1,('1) f(!/)) l '"-/\1(!/)(/(!/ %m teq) f('.l/))

n

€1+ es) f(;u)) Fne(y) (f(.l/ es %(’1) f(,y))

,—l'(.':; Feq) f(.l/)) I n/\s(y)<f(;l/ i %m) f(.l/))

lf'-z) /'(!/)) l I'Am(;f/)(f(y I i(';z) f(y))

n (e

nAi(y) (/’(u Feq) f(.l/)) l "/\12(!/)(/'(!/ Fes) f(.r/)>-

for bounded, continuous functions f: R3 x N? - R and
y = (s YIl:YRl:)’IZ;YRZ) € R} x N?



The form of the generator £, shows that the infected
and recovered variables for the second strain jump
rapidly, while those of the first strain have approximately
deterministic dynamics, according to the average
dynamics of the second strain as n - .

Therefore, we define a linear operator to describe the
fast process

Au9(2) = (Bays)z1(9(z + 1) — g(2)) + 221 (9(z — ey + e2) — g(2))
boaza(g(y — e2) — g(2)) + (B2(1 — a)yr,)z1(g(z + e2) — g(2))
* ”l(.‘l(l' Fep)—g(z)) + as(g(z + e2) .‘1(3))

for fixed v = (s, y1,, Y&, ) and for bounded g: N* - R.



This operator generates an ergodic Markov process,
particularly a birth-death process which, for any v € R3,
admits a unique stationary distribution m,(2).

Therefore, we expect the slower process (Ys(n), Yl(ln), Yg))

to converge to the deterministic (ys, y;,, yz,) as n - oo.
That is

N T e
(—-\s.—.\z,.;-\n,> —> (Ys,Y1,,YR,)

n n



Here, (vs,v1,, Vg, ) is the solution to the following system of
Ordinary Differential Equations (ODESs)

dys - o T
d// = a1 — Pysyn — B2Y,Ys + 01Yr, + 02y,
dyy,
= o + B1yct Y11
7 2 + P1ysyi, Y1Y1,
(/‘!/H.

= 3 + Y1 Bo(1 — a)y,.yp
5 3 +MYr, — Bl U 1,YR,

Where the y,, and yg, are determined by the averaged
values of the fast process.
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Figure 7: Comparisons
of the solutions of the
deterministic (dashed)
and stochastic (solid)
reduced two-strain
models. Parameter
values used are N =
1000, B; = 0.6, B, =
04, y;, =01, y, =0.2,
o; =0.1, o, =0.1,and
a; =0 foreachi =
1,2,3,4,5 (upper plot),
a; = 0.1 foreachi =
1,2,3,4,5 (lower plot).
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Figure 8: Comparisons
of the solutions of the
deterministic (dashed)
and stochastic (solid)
reduced two-strain
models. Parameter
values used are N =
10000, B, = 0.6, B, =
04, y;, =01, y, =0.2,
o; =0.1, o, =0.1,and
a; =0 foreachi =
1,2,3,4,5 (upper plot),
a; = 0.1 foreachi =
1,2,3,4,5 (lower plot).
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Future Plans

Short Term

Publish

Submit the work outlined In
this presentation to an
appropriate journal

Medium Term

FCLN

We can quantify the
fluctuations of the reduced
model using a functional
central limit theorem

Long Term

Large Deviations

J\

We want to investigate the
application of large
deviations theory to our
models
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